In this paper we investigate the unknown body problem in a wave guide where one boundary has a pressure release condition and the other an impedance condition. The method used in the paper for 11 solving the unknown body inverse problem is the intersection canonical body approximation (ICBA). The ICBA is based on the Rayleigh conjecture, which states that every point on an illuminated body 13 radiates sound from that point as if the point lies on its tangent sphere. The ICBA method requires that an analytical solution be known exterior to a canonical body in the wave guide. We use the sphere of 15 arbitrary centre and radius in the wave guide as our canonical body. We are lead then to analytically computing the exterior solution for a sphere between two parallel plates. We use the ICBA to construct 17 solutions at points ranging over the suspected surface of the unknown object to reconstruct the unknown object using a least-squares matching of computed, acoustic ÿeld against the measured, scattered ÿeld.
INTRODUCTION
In this paper we investigate the localization and identiÿcation of a three-dimensional object 23 in an acoustic wave guide by inversion of the scattered wave ÿeld. This inverse problem is non-linear in terms of position and shape parameters of the object and fundamentally ill 25 posed. Furthermore, because of the multiple scattering of sound between the object and the top and bottom boundaries of the sea, the associated direct problem is much more complicated 27 than for a body in space. This problem has important practical marine applications such as identiÿcation of mineral deposits, submarines, submerged navigational obstacles and wreckage, 29 
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sea mounts in harbours, etc. [1] . In the subsequent discussion we will think of the wave guide 1 as that corresponding to the marine acoustics of a shallow ocean. The intersecting canonical body approximation (ICBA) is the method we shall use in the 3 current paper. The ICBA method depends on the availability of an analytical solution in the exterior of a canonical body placed in the wave guide. Consequently, the method is enmeshed 5 in the function-theoretic approach to partial di erential equations. The detailed analytical computations have been relegated to the Appendix to make the paper more accessible. 7 The ICBA method assumes that the amplitudes in the partial wave representation of the scattered ÿeld are nearly those of a canonical body, for example, a circular cylinder in the 9 two-dimensional problem. This is true locally for each observation angle, the canonical body having the same local radius at this angle as that of the real body. The reconstruction of the 11 shape of the body, represented at a given angle by its local radius, then proceeds by minimizing the discrepancy between the measured or simulated data and the estimation thereof. This is 13 done at each observation angle. In one of its forms, the procedure enables the reconstruction of the local radius of the body, for a given polar angle, by solving a single non-linear 15 equation. In this regard see the seminal works by Scotti and Wirgin [2] [3] [4] [5] [6] . Another variant consists in ÿnding this local radius by minimizing the L 2 cost functional of the aforementioned 17 discrepancy. Gilbert et al. [7, 8] extended these ideas to considering the ICBA in a wave guide; however, 19 they used a cylinder as the canonical body, which led to inaccuracies on the upper-and lower-most portions of the body. See also the later works using ICBA by these authors 21
with References [9] [10] [11] [12] [13] . The far-ÿeld patterns of acoustical waves scattered o an object in acoustic wave guide with pressure release surfaces and elastic, or poroelastic, sea oors was 23 investigated by integral equation methods by Gilbert et al. [1, [14] [15] [16] . In a work subsequent to the present paper we will provide an inversion procedure for this scattering problem. 25
PROBLEM DESCRIPTION AND FAR-FIELD REPRESENTATIONS
Our object is to ÿnd, using acoustic imaging, the shape of a submerged object in a sea of 27 ÿnite depth where the sea bottom satisÿes an impedance boundary condition. Let the ocean be restricted to lying between z = h 2 the surface (upper boundary) and the bottom z = − h 1 , 29 namely it occupies the space R Figure 1 ). The submerged object lies in a domain . Moreover, as we assume that the interrogat-31 ing (incident) wave is monochromatic, we suppress the temporal component of the ÿeld exp(−i!t). Here, ! is the angular frequency and t the time. The spatial component of the 33 total acoustic pressure u = u i + u s , (u i ; u s the incident and scattered pressure, respectively) satisÿes the Helmholtz equation 35
(where in = !=c, and c is the velocity of sound in the sea), and the Robin-Dirichlet 37 conditions au + @u @z z=−h1 = 0; u( ; Â; h 2 ) = 0; u| @ = 0 We choose as the incident wave a generalization of a plane wave suitable for the wave guide, 1
i.e. it also satisÿes the wave guide boundary conditions, namely
where j m = 1 for m = 0, j m = 2 for m¿0, and j is the root of the transcendental equation 3
and J is the integer value such that J ¡ ¡ J +1 and J m (s) is the Bessel function of order m.
5
Regardless of the shape of the scatterer, outside any sphere enclosing this body, the total wave ÿeld can be decomposed into the incident wave, a radial wave and the guided wave as 7 u( ; Â; z) = u i ( ; Â; z) + u s ( ; Â; z) = u i ( ; Â; z) 
n (s) = =2sH
(1) n+1=2 (s)) and P m n is the associated Legendre function. 3 In the Appendix it is shown that in the Robin-Dirichlet wave guide a wave scattered by a sphere may be written in terms of a contour integral 5
where the integration path is indented below all poles on the real axis. This representation is important for us in solving the inverse object problem. First we must check, however, that 7 the boundary conditions on the sphere are satisÿed for the total wave u = u i + u s .
WHEN THE UNKNOWN OBJECT IS A SPHERE 9
In the special case when the unknown object is a sphere it is also a canonical domain and we must satisfy the boundary conditions on the sphere. If the incident wave u i given by (3) and 11 the scattered wave u s given by (6) have to be represented in terms of spherical co-ordinates, we use the following relation given by Watson [17] : 13
If we substitute from (7) into (6) and use the following equation in representation (5):
then the boundary condition u( ; ; Â) = 0, where is the radius of the sphere, leads to the 15 conditions where j is given by (4) and j n ( ) is the spherical Bessel function of the ÿrst kind deÿned 1 by j n ( ) = 2 J n+(1=2) ( ) and I (n; k) are deÿned by the contour integrals
THE INVERSE PROBLEM FOR A SPHERICAL OBJECT
Assume the acoustic ÿeld is measured at the points (r b ; q ; Â p ), where the indices range over 5 q ∈ {1; 2; : : : ; Q} and p ∈ {1; 2; : : : ; P}. The measured ÿeld at these points is denoted by u * (r b ; q ; Â p ), where r b ¿a is a constant. 7
The inverse problem is to determine a shape function which describes the unknown object. We denote this function by r = Á( ; Â). Choosing = q , Â = Â p as grid points, deÿne 9 Á qp = Á( q ; Â p ), for q ∈ {1; : : : ; Q} and p ∈ {1; : : : ; P} such that (match of the data to their mathematical representation) 11
where C km (Á qp ) indicates the dependence of C km on Á qp . Note that Á( ; Â) is not identically equal to the radius a because we have truncated the series for numerical purposes. 13
THE INVERSE PROBLEM FOR AN ARBITRARY OBJECT
The above idea can be extended to three-dimensional bodies that may be represented by a 15 shape function r( ; Â) as D = {(r; ; Â) | r = r( ; Â); 0 6 6 ; 0 6Â ≤ 2 }, where r( ; Â) ¿ 0. As before we ÿrst need to represent the solution to the direct problem. The analogy be-17 tween the present problem and that of the sphere suggests the following approximation of the ÿeld: 19 
where ÿ nm = (2n + 1)(n − m)!=(n + m)!. Using (10), the coe cients C nm (r( q ; Â p )) are seen 1 to be given by
where r qp = r( q ; Â p ). 3 We formulate the inverse problem as determining the discrete shape function r qp on the index set q ∈ {1; : : : ; Q} and p ∈ {1; : : : ; P} such that 5
Here, u * (r b ; q ; Â p ) are given data and the sum represents the total ÿeld expression for a sphere with radius r qp . The ÿrst computation is the numerical simulations of 'measured' data on the measurement 11 sphere of radius r b . This was conducted for the incident wave using (11) and (12) for which M = 5 and N = 10 were chosen. The second step is to take M and N equal to 5 and solve (13) 13 in a least square sense for each r( q ; Â p ). In Figure 2 the picture on the left is the original scatterer and that on the right is the 15 reconstructed image. The original object was an oblate spheroid In Figure 4 we have as a ÿnal reconstruction, a torus = 1 + The value of u(x; y; z) on z = h 2 is given by 13 u(x; y; h 2 ) = 1 2
If we Fourier transform (A2), we obtain the equation
To evaluate integrals in (A3), we introduce the polar co-ordinates, deÿned by 15 
Using the notation = s cos u; Á = s sin u (A5) 3 the inner integral in the right-hand side of (A4) can be written as 
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If we substitute (A10) and (A11) into (5), we obtain following equation: 1 u( ; Â; z) = u i ( ; Â; z) + u s ( ; Â; z) = u i ( ; Â; z)
where h = h 1 + h 2 and
Now from (2.11), the integral in (A12) can be written as 3 
Moreover, if z ¿ 0, we decompose G( ; z) as follows:
Let s j be the positive root of 5
then for a particular value of frequency ! and hence there are J possible propagating wave 7 guide modes, where
Consider the contour integral
where the contours c 1 and c 2 which are indented at zeroth s j of (A16) are shown in Figure A1 . Since H ( j ; z) = −G( j ; z), from (A15) and (A17) we will arrive at 13
where j = 2 − s 2 j and we used following formula from Reference If z ¡ 0, we decompose G( ; z) as 1
we will again obtain (A18). So in order for u s to behave like an outgoing wave as → ∞, we write as 3
D.-S. LEE AND R. P. GILBERT 13 and we have 1
where 3
It is convenient to write (A20) as a contour integral, thus 5
where the path of integration is indented below all poles on the real axis. 
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